Abstract. In this paper we investigate Lie bialgebra structures on the deformative Schrödinger-Virasoro algebras mainly using the techniques introduced recently by Liu, Pei and Zhu, which indicate that all cases considered in this paper except one behave different from their centerless ones. Both original and twisted Schrödinger-Virasoro Lie algebras were introduced by [7] in the context of non-equilibrium statistical physics and further investigated in [8, 9] , whose deformations were introduced in [22] . All of them are closely related to the Schrödinger Lie algebra and the Virasoro Lie algebra. The deformative Schrödinger-Virasoro Lie algebras L s λ (λ ∈ C) considered in this paper, possess the C-basis {L n , M n , Y s+n , c | n ∈ Z, s = 0 or 1 2 } with the following nonvanishing Lie brackets:
§1. Introduction
Both original and twisted Schrödinger-Virasoro Lie algebras were introduced by [7] in the context of non-equilibrium statistical physics and further investigated in [8, 9] , whose deformations were introduced in [22] . All of them are closely related to the Schrödinger Lie algebra and the Virasoro Lie algebra. The deformative Schrödinger-Virasoro Lie algebras L s λ (λ ∈ C) considered in this paper, possess the C-basis {L n , M n , Y s+n , c | n ∈ Z, s = 0 or It is easy to see that L s λ contain the Virasoro algebra v = span C {L n , c | n ∈ Z} and Witt algebra w = span C {L n | n ∈ Z} as their subalgebras and h s = {M n , Y s+n , c | n ∈ Z} as their ideals.
Due to their mathematical and physical backgrounds, interests and importance, a series of papers on Lie algebras of these types appeared. The Lie bialgebra structures, modules of intermediate series, non-trivial vertex algebra representations and Whittaker modules over the original Schrödinger-Virasoro Lie algebra were respectively investigated in [6, 15, 26, 35] . The derivations, central extensions and automorphism group of the extended Schrödinger-Virasoro Lie algebra were determined in [5] . The Verma modules and derivations over generalized Schrödinger-Virasoro algebras were respectively investigated in [25] and [27] . The second cohomology group of both original and twisted deformative Schrödinger-Virasoro algebras were completely determined by [11, 14, 22] . Automorphisms and derivations of twisted and original deformative Schrödinger-Virasoro Lie algebras were respectively determined in [28] and [10] .
The notion of Lie bialgebras was introduced in 1983 by [1] to find solutions of the Yang-Baxter equation. Many types of Lie bialgebras were considered over different algebras. Initially, the Witt and Virasoro Lie bialgebras were investigated in [24] and classified in [21] . Lie bialgebras of generalized Witt types, generalized Virasoro-like type, generalized Weyl type, Hamiltonian type and Block type were considered respectively in [23, 29, 34, 32, 17] . Lie superbialgebra structures on Supported by the NSF grant 11101056 of China the Ramond N = 2 super Virasoro algebra were considered in [33] . The Lie bialgebra structures on the original case L 1 2 0 (with c = 0) and a twisted case L 0 −3 (with c = 0) were respectively investigated by [6] and [3] . In this paper we shall investigate Lie bialgebra structures on L s λ mainly using the techniques introduced recently in [13] . §2. Preliminaries and main results For convenience, some basic concepts about Lie bialgebras are presented firstly. Respectively denote ξ and τ the cyclic map of L ⊗ L ⊗ L and the twist map of L ⊗ L for any given vector space L, which imply ξ(
Lie algebra if the following two conditions hold:
and the pair (L, ∆) becomes a Lie coalgebra if the following two conditions hold:
The triple (L, δ, ∆) will become a Lie bialgebra if the Lie algebra (L, δ) and Lie coalgebra (L, ∆) satisfy the following compatible condition:
where the symbol "·" is defined to be the diagonal adjoint action:
Denote U the universal enveloping algebra of L and 1 the identity element of U. For any
Define c(r) to be elements of U ⊗ U ⊗ U by 
) is called triangular if it satisfies the following classical Yang-Baxter Equation
and Inn(L s λ , V s λ ) the set consisting of the derivations v inn , v ∈ V s λ , where v inn is the inner derivation defined by v inn :
Lemmas 2.2 and 2.3 can be found in [10] , [16] and [28] .
where the corresponding non-vanishing components are given as follows:
for all n ∈ Z.
The Lie bialgebra structures on the Schrödinger-Virasoro Lie algebras L 0 −3 and L 1 2 0 have already been considered respectively in [3] and [6] (with c = 0). We just need to consider the following cases:
where S 1 2 = {0, −1, −2} and S 0 = {0, ±1, −2, −3}.
Lemmas 2.2 and 2.3 can be partially rewritten as follows.
where D i consist of the following derivations σ i respectively:
for all n ∈ Z and any α 1 , α 2 , β i ∈ C with i = 1, 2, 3.
where d i consist of the following derivations ̺ i respectively:
for all n ∈ Z and any µ 1 , µ 2 , µ 3 , ν 1 , ζ 2 , ζ 4 , γ i ∈ C with i = 1, 2, 3, 4, 5. The main results of this paper can be formulated as follows. Throughout the paper we denote by Z * the set of all nonnegative integers and C * the set of all nonnegative complex numbers.
Theorem 2.8 (i) Every Lie bialgebra (L s λ , [·, ·], ∆) is triangular coboundary for the Lie algebras
The following lemma can be found in Lemma 2.2 of [13] .
Lemma 3.1 Suppose that g = ⊕ n∈Z g n is a Z-graded Lie algebra with a finite-dimensional center C g , and g 0 is generated by {g n , n = 0}. Then
Then the above lemma can be generalized immediately as follows.
Lemma 3.2
Suppose that g = ⊕ n∈Zs g n is a Z s -graded Lie algebra with a finite-dimensional center C g , and g 0 is generated by {g n , n = 0}. Then
The following lemma is one of the main results given in [21] .
Lemma 3.3 Every Lie bialgebra on the Witt algebra w and Virasoro algebra v is triangular coboundary and
Denote L s λ ⊗n the tensor product of n copies of L s λ and regard it as an L s λ -module under the adjoint diagonal action of L s λ . The first item of the following lemma can be obtained by using the similar arguments as those given in the known references and the left two can be found in the references (e.g. [1, 2, 21, 29] ). For convenience, we introduce the following notations: C = Cc, C 0 = span C {c, M 0 } and C s λ , where C s λ = C 0 for the case (s, λ) = (0, 0) and C s λ = C for all the other cases referred in (2.6) and (2.7). (
ii) The r satisfies (2.3) if and only if it satisfies (2.4).
(iii) Let L be a Lie algebra and
and the triple (L, [·, ·], ∆ r ) is a Lie bialgebra if and only if r satisfies (2.3).
Proposition 3.5
Proof of Proposition 3.5 This proposition follows from a series of claims.
and denote the quotient L s λ -module V s λ /H s λ as Q s λ , on which h s acts trivially. The exact sequence 0 → H s λ → V s λ → V s λ /H s λ → 0 induces the following long exact sequence
of Z s -graded vector spaces, where all coefficients of the tensor products are in C. It is easy to see
It is easy to see that
Then Claim 1 follows.
Claim 3 For any
induces an exact sequence of low degree in the Hochschild-Serre spectral sequence
can be embedded into Hom U (w) (h s , w ⊗ w), which can be easily proved to be zero. Then Claim 4 follows.
Denote the subalgebra spanned by
This claim of the case s = This subclaim can be found in Remark 1 of [13] . This subclaim can be proved similar to the proof of Theorem 4.5 (i) of [13] . According to Subclaim 1 and Subclaim 2, we know that ϕ s λ (L n ) = ϕ s λ (M n ) = 0 for any n ∈ Z and ϕ s λ ∈ H 1 (L s λ , H s λ /L C s λ ) when s = This claim follows from Lemmas 3.2, 2.6, 2.7 and Claims 4, 5.
By now we have proved Proposition 3.5.
The following lemma is still true for L s λ by employing the technique of Lemma 2.5 in [6] .
Lemma 3.6 Suppose v ∈ V s λ such that x · v ∈ Im(1 − τ ) for all x ∈ L s λ . Then there exists some u ∈ Im(1 − τ ) such that v − u ∈ C s ⊗ C s .
Proof of Theorem 2.8 This theorem follows from Lemmas 2.6, 2.7, 3.6 and Proposition 3.5.
